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ABSTRACT
Let M be a o-finite von Neumann algebra and « be an action of R on M.
Let H>*(a) be the associated analytic subalgebra;, ie. H%(a)=
{XEM:sp,(X)C [0, 0)}. We prove that every o-weakly closed subalgebra of
M that contains H(a) is H*(y) for some action y of R on M. Also we show
that {assuming Z{M) N M* = CI} H*{a) is a maximal o-weakly closed sub-
algebra of M if and only if either H*(a) = {4 €EM : (I — F)xF = 0} for some
projection FE M, or sp(a) = ['(a).

1. Introduction

Let M be a o-finite von Neumann algebra and let a = {«,: tER} be a
continuous action of R on M, ie. {a} is a one-parameter group of
*-automorphisms of M such that, for each x €M, t—«,(x) is o-weakly con-
tinuous. Write

H*(a) ={xEM:sp,(x)C[0, )}

where sp,(°) is Arveson’s spectrum. The structure of H*(a) was studied by
several authors starting with Loebl and Muhly [4] and Kawamura and
Tomiyama [2].

It is known that H*(«) can also be defined as the set of all x €M such that,
for every p EM,, the function ¢+ p(a(x)) lies in the classical Hardy space
H>(R). In Theorem 3.15 of [4] it is proved that H*(e) is a g-weakly closed
subalgebra of M containing the identity operator, such that H*(a) + H>*(a)* is
o-weakly dense in M and such that
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H*(@)NH*(a)*=M* (={xEM:afx)=x,tER}).

If M=L>R) and «, is a “translation by ?” (i.e. a,0)s)=0(s —1),
€ L>(R) s, tE€R) then H*(a) is H*(R). In this case it is well known that
H~>(R) is a maximal w*-closed subalgebra of L*(R).

As H*(a) can be viewed as a generalization, to a noncommutative setting, of
H~=(R), it is natural to ask when is H*(a) maximal among the g-weakly closed
subalgebras of M.

In the case when M is commutative it was shown in [9, Corollary 3.1] that
H*(a) is maximal if and only if M= = C. Suppose N is a o-finite von Neumann
algebra and f is a *-automorphism of N preserving a faithful normal state. Let
M be the crossed product determined by N and f and let o be the dual
(periodic) action. Then it was shown by McAsey, Muhly and Saito in [6-8] that
H>(a) is maximal if and only if M*( = N) is a factor. This result was extended
by the author in [14] to show that, whenever «a is a periodic action of R on M
and Z(M) N M= = CI(where Z(M) is the center of M), then H*(a) is maximal
if and only if either M“ is a factor or there is a projection F € M such that
H*(a) = {x €M : (I — F)xF = 0}. (This is not precisely the way the result is
stated in [14] but it can be shown to be equivalent to it.) Finally, it was shown
in [10] by Muhly and Saito that in the case of a crossed product by an R-action
(with « being the dual action), H*(«a) is maximal if and only if M*is a factor.

In the present paper we settle the general case. We prove (Theorem 3.7) the
following:

THEOREM. Suppose Z(M) N\ M*=CI. H*(a) is maximal if and only if
either sp(a) = I'(a) (where I'(a) denotes the Connes spectrum of a) or there is a
projection F € M such that H*(a) = {x EM : (I — F)xF = 0}.

Note that when « is periodic and Z(M) N M>=ClI, sp(a) =TI(a) if and
only if M* is a factor ([15, 16.4]) and the same holds for crossed products
([15, 21.6)). In general, however, « might satisfy I'(a) = sp(e) but M~ would
not be a factor.

Note also that whenever « is an action of R on a o-finite von Neumann
algebra M then it is possible to represent M as a direct integral of algebras
{M(x): x €X} in such a way that « induces an action a(x) of R on M(x) and
Z(M(x)) N M(x)* = CI for almost all x € X (cf. [16, Theorem 8.23]).

When H*(«) is not maximal it was shown, in some cases, that the o-weakly
closed subalgebras of M that contain H*(a) have special properties. For
example, it was shown in [14] that, when « is periodic, every such algebra is
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H>(y) for some flow y (also periodic). It was also shown, in this case, that there
is a correspondence (one-to-one, under some mild condition) between such
algebras and projections of Z(A*). (This correspondence is described expli-
citly in Theorem 3.6 of [14].) Related results were obtained in [10] and [13].

When the action « is inner than every g-weakly closed subalgebra of M that
contains H*(«) is H*(y) for some (inner) action y of R on M. This was proved
by Larson and the author in [3]. In view of this result and the result in the
periodic case it was natural to expect that, in general, every g-weakly closed
subalgebra of M containing H*(«) is also an analytic subalgebra (i.e. of the
form H>(y) for an action y of R on M). In [11] this result was proved by Muhly,
Saito and the author in the case where M* is a Cartan subalgebra of M. In the
present paper we prove this result in the general case. In fact we show the
following (Theorem 2.19).

THEOREM. If B is a a-weakly closed subalgebra of M that contains H*(«)
then there is an action y of R on M satisfying H*(y) = B. In fact, there is a
projection FEZ(M) N M* and a one parameter unitary group {v,: t €ER}, in
the center of M*, such that, for t ER,

X ifxEMF,
7(x) =

v¥a,(x), ifxEM( —F).

2. Algebras containing 1/ *(a)

Let M be a o-finite von Neumann algebra and let o= {a,: tER} be a
continuous action of Ron M (i.e. a,,, = a,a,, 0 _,= &, 'and, foreverya EM,
t—>a/a) is a-weakly continuous). The analytic subalgebra that is associated
with o is

H>(e)={a €M :sp,a)C [0, ©)}

where sp,(-) is Arveson’s spectrum. We shall prove (Theorem 2.19) that every
o-weakly closed subalgebra B of M that contains H*(a) is H*(y) for some
continuous action y of R on M. In fact, there is a projection F in Z(M) N M*
(where M* is the fixed point algebra of  and Z(M) is the center of M) and a
one parameter unitary group {v,: t ER} in the center of M* such that y,(x) = x
for t ER and x € MF and y,(x) = v*a,(x)v, for tER and x EM(I — F).

For a subset S of R we write M*(S) = {a €M : sp,(a) € S}. We write B(H)
for the algebra of all bounded linear operators on a Hilbert space H. For a
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subset Y C H, [Y] will denote the closed linear subspace spanned by Y. If Cis
a subalgebra of B(H) and L is a lattice of projections in B(H) then we write

algL ={TE€B(H):(I—-P)TP=0forall PEL},
lat C = {P: Pis a projection in B(H) and (I — P)TP =0 for all TEC}.

By choosing an appropriate representation for M we shall assume, through-
out this section, that M has a cyclic and separating vector and we write H for
the Hilbert space on which M acts.

We can now use Corollary 3.7 of [5] to conclude that, for every o-weakly
closed subalgebra B of M, B = alg lat B. We shall fix now a g-weakly closed
subalgebra B of M that contains H*(«).

Let P be a projection in lat B C lat H*(a). Then, as in the proof of [4,
Theorem 5.2], let F,, tER, be the projection onto (M, [M°(s, 0)P(H)].
Write

E,=NMNF,:t€ER} and E,=V(F:tER).
Then E, and E, are projections in M’. Write E = E, — E,. By construction we
have F, < F, when t <s and F, = A{F,:t <s)}. Hence there is a spectral
measure F(-) with values in the projections on E(H) such that F([t, «0)) =

F,—E, for tER. We define the strongly continuous unitary group U =
{U,:t€R} on E(H) by

U =— f * edF(s), tER.

Write K for E(H). We now view M as an algebra of operators on K. Forevery ¢,
sin R we have
M°[t, o)F; — EXXK) C (Fy — ENK),

i.e. M°[t, ) C B(K)*[t, ) where B is the action on B(K) implemented by
U = {U,: t€R}. Using [4, Corollary 2.11] we find that, for xEM, t ER,

a(x) = B(x)= UxUt.
When M is viewed as acting on H we have
a{x)E=UxEU¥, x€EM, t€R.

Now note that, for s<O0, [M[s,o)P(H)]2P(H) and, for s=0,
[M*[s, w0)P(H)] C P(H) (as P Elat H*(a)). Hence V{ﬁ‘, s>0}=P= Fyand,
in particular, P commutes with {17' . t ER} and, thus, with {U,: s €R}.
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Suppose now that a liesin M N alg{P}. Then aliesin M N alg{P — E,} and,
fortER,
a,@a)P —E)=afa)E(P —E))=UaEU¥(P —E)=U,aE(P — E)U¥
= U(P — E\)aE(P — E))Uf = (P — E\)UaE(P — E,)U¥
=(P —Ej)a(a)P — E)).

Hence oM N alg{P}) =M N alg{P} for every tER and PElat B. Since
B =alglat B, a,(B) = B, t ER. We therefore have the following.

ProPOSITION 2.1. Every o-weakly closed subalgebra B of M that contains
H*(a) is a-invariant.

We write A =B N B*. Then 4 2 M" and A is a-invariant. For a subset
S C R we write A%(S) for A N M*(S). For an element y € M we write rp(y) for
its range projection. Clearly rp(y) is in M and if y €A, rp(y) would lie in 4.

DErINITION 2.2. For ¢ ER we define
Jo=1T—sup{rp(y) : y EA*(t, )};
g, =1 —sup{rp(y) : y EA*(— 0, — 1)};
8 =sup{g;:s <t};
fo=sup{f,:t>0} and g,=sup{g:t>0}.
LEMMA 2.3. Fort = 0 write

r(t) =sup{rp(y) : y EA*(— 0, — 1]};
and

I(2) = sup{rp(y) : y EA[t, 0)}.
Then, foreveryt =20 ands = 0,
rs)M«([—t —s, ©))I(t) C B.

PROOF. Fix zEM*[—t—s,t+s] and PElat BC A’. Then for every
XEAY(— w0, —s] and y €EA°|t, ),

xYyzEMs, ©), M [—s—1t, 0)Mt, ©v)C M*[0, 0)CB.
Since x, y, rp(x) and rp(y) commute with P, we have

[x(I — PYH)] = [(I = P)x(H)] = [(I — P)rp(x)(H)] = [rp(x)[(/ — PXH)]
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and similarly [yP(H)]=[rp(y)P(H)]. Note also that [x(I — P)H)]C
(I — P)H) and [yP(H)] C P(H) since x EH*(a)* C B* and yEH(a) C B.
Since x*zy €B and P €lat B, the subspace [x*zyP(H)] is orthogonal to the
subspace (I — P)(H). Hence [zyP(H)] is orthogonal to [x(I — PYH)]=
(rp(x)(I — P)(H)]. But [zyP(H)] = [z tp(y)P(H)]. Thus [rp(x)z rp(y)P(H)] is
orthogonal to (I — P)(H). This shows that rp(x)z rp(y)Ealg{P} whenever
XEAY(— o0, —s] and y EA4°[¢, ). Hence r(s)z/(t)Ealg{P}. Since this holds
for every PE€lat B and B = alglat B, r(s)z/(t)EB. |

COROLLARY 2.4. Fort,s =0 we have
(1) (I —gIM*(—t—s,00)I - f,)CB;
(2) U= OM0, ¢ + s — &) C 4;

(3) (I — fO)M*[0, 1] C 4;

(4) M0, 1)1 —g)C 4,

(5) M[—t, oI - £)C B;

6) I —g)M*(—s,0)CB.

ProoF. It follows from Lemma 2.3 that (I — g )M*[—t —r, o) — f) C
Bforeveryr <s.Butthen(I —g)M°[—t —r,0)I — f)C Bforeveryr <s
(as g, = q,). Hence (1) follows. Lemma 2.3 also implies (5) (set s = 0 in Lemma
2.3) and (6) (set ¢t = 0). We then have

(I — fOoM*[0,t + s)I —g) S B*N B = 4.
This proves (2) and, similarly, (3) and (4) follow from (5) and (6). [ |

LeMMA 2.5. (1) Foreacht€R, f,and g, lie in Z (M=) (the center of the fixed
point algebra).

(2) Fort<0,f,=0and, fort =0, g, =0.

(B)Ift £sthenf, < f,and g, < g,.

4) N{fi:s>t)}=fiand V{g,:s <t} =g, for every tER.

(5) A°fs, o) — YH)C U — fi4 NH) and A*(— co,—sWI — g)H)C
(I — g +s)H), s, tER.

(6) f,and g, liein Z(M*)N A"

(7) For s=z0 and t€ER, M [—s,0/(/—fYH)CUI - f,_XH) and
M0, s} —gXH) S (I — & - NH).

(8) M*(— 0,01 — fXH)C U — fXH) and M0, o)I — g )XH)C
I — g, )(H).

9) (I — £ — g,) lies in Z(M) N M= and (I — f.)XI — g )M C A.
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ProoF. (1) Clearly f and g, lie in A. Since A%(¢, o) and A*( — 0, — t) are
a-invariant, f; and g, lie in M*. For every unitary operator v € M*,

vA(t, o)v* = A*(t, 0) and vA*(— o0, — t)y* =A*(— o0, — ).

Hence £, and g, lie in Z(M*). (2), (3) and (4) follow immediately from the
definitions.
(5) Follows from the fact that

A%s, 0)A%(t, c0) C A%(s + ¢, )
and
A(— w0, —sJA(— 0, —t) CA(— 0, — 5 — 1)

(the statement about g, and g,,, is first proved for ¢, ¢.,,, and then
I—g =N{I—gq,:r<t}isused).

(6) From (5) we have A%s, )M — fYH)C NI — fiosXH) =
N (I — f)H) and A*(— o0, s N, — g)H)) C NI — g)H) for every s €
R. Hence A°[s, o)I — f,)(H) C (I — f )(H) and A*(— o0, — s — g, )(H) C
(I — g.)H) forall s €R. Since both U{A4s, o) : sER}and U{4(~ o0, —s]:
s ER} are g-weakly dense in 4, f,, and g, lie in 4.

M Ift<s, fio,=g_,=0 and statement (7) clearly holds. So assume
t =5 = 0. Then, for x EM*[ — 5, 0] and y EA4°(¢, o0), we have xy € B*B* C B*
and xyEM[—s,0)M*(t, 0) C M*(t —s5,0)C B; ie. xyEA*(t—s, ).
Hence M°[ —s, 0J(I — f,)(H) C (I — f,_,XH). The proof for g, is similar.

(8) For s = 0, it follows from part (7) that

Me[— s, 0l — f)H) S — fo)(H).

Since U{M*[—s5,0]:5=0} is o-weakly dense in M*(—o0,0],
M*(— o0, 0)I — f . )(H) C (I — f,)(H). The proof for g, is similar.

To prove (9) fix ¢ > 0 and let x be in M*[0, ¢).

Using Corollary 2.4(3) we have (I — f,)x €A and using Corollary 2.4(4),
(1 —g)xEA. Write F for (1 — f X1 — &,). Then

xF =x(1 —g)F = Fx(1 — g)F = FxF
and
Fx =F( — f)x =F(1 — f,)xF = FxF.

Hence F commutes with M*[0, ¢). Since this holds for every ¢ > 0, F commutes
with M°[0, «0) and, as M[0, ) + M|0, c0)* is o-weakly dense in M, F
commutes with M. Also, for t >0,
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FMe[0, t] = F(1 — £fM<[0, {] C A.

Hence FM*[0, ) C A and by taking adjoints and using the fact that F € Z(M)
we have
FM*(— 0, 0} = M*(— oo, 0]F = (FM|0, 00))* C A* = A.

It follows that MF C A. |

We shall now assume that (1 — £ )(1 —g,)=0.
We define a projection valued measure Q( ) on R, with values in Z(M*), by

QU o)=f =)+ —f)8-1» IER
Since V{Q(t, ) : 1ER} = f, + (I — f.)g» =1, N{Q(t, ) : 1 ER} = 0 and
V{Q(t, 0):1>5)=f(I — M St >s)+ U = f V(g1 : 1 > 5}
= folI — £)+ — fo)81-s = Q(s, ),

the measure Q(-) is well defined (see [15, 15.7] for a similar construction). We
now define a one parameter group U = {U,: ¢t ER} of unitary operators in
Z(M*") by

U= [" ewdgs), teR.
For t €ER we let ¢, be the automorphism
o,(x)=Uka,(x)U,, x€EM.
This defines an action c of R on M.
PROPOSITION 2.6. 4 C M°.

ProoF. For X EA let B,(x) be UxU¥*. This defines an action of R on 4.
Using Lemma 2.5(5) we see that A°[s, «0)Q(¢, c0) C Q(¢ + s, o) for every s
and ¢. It follows ([4, Theorem 2.9]) that, for sER,

A[s, ) C AP[s, ).
Hence f = a on 4 and, consequently, 4 C M°. [ |

LEMMA 2.7. Let x be in M and I, J intervals of R (with closures I, J).
(1) If spa(x) C [a, b] then sp,(Q)xQ())) € — I +[a, b] +J.
(2) If sp,(x) C [c, d] then sp(QUxQWU) S I +[c,d]—J.
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Proofr. The proof is a modification of [15, 15.12]. Write N for M ® F,
where F, is the factor of type I, and identify it with the 2 X 2 matrices over M.

Let
o(iu xxz)___( a,(xyy) at(xIZ)Ut)
oy X/ \Ufa(xy)  0/(x)

for (x;)EN, t ER. Then 6 defines an action of R on N. We have

0( 0 0)=< 0 0)=( 0 0)
o o \vrowy 0/ \exp(—itT)QU) O
where T = [®, sdQ(s).
Hence, for every h €L'(R),
0 0 0 0
% (Q(I) o)_(ﬁ,(— QW) 0>
where # is the Fourier transform of h. But A(— T)Q(I)=0 whenever

supp A CR\ — 1.
It follows that

0 _
SDG(Q?I) 0) C {t: h(t)=0 whenever supp s CR\— I} C —I.

Similarly
0 _
SPy (O Q(()J)> cJ.
Since
<0 0 ) _ ( 0 0) (x 0) (0 Q(J))
0 QuxQWw) \eu)y o/\o o/\o o0/’
we have
0 0 . -
1 = - :
$PQUDXQW)) = 5Py ( 0 o (I)XQ(J)) C—I+ia,b]+J
This proves (1). The proof of (2) is similar. |

LemMA 2.8. Let C be an a-invariant a-weakly closed subspace of M.

(1) Cis generated by the elements of C with a compact Arveson’s spectrum. In
fact, there is a net {h;} of functions in L'(R) such that o, (x)— x o-weakly for
every X € M and supp h; is compact for all i.
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(2) Suppose x EM and h € L'(R) such that h =1 on an open set W CR.
Then sp(x —a,(x)) N W=

(3) If xEC and W is an open subset of R which contains a compact set F,
then x = x; + x, where x,€C, i =1, 2, sp,(x;) C W Nsp,(x) and sp,(x,) C
(R\ F) N sp,(x).

(4) Given x €C with sp,(x) compact and ¢ >0, we can write x as a finite
sum ZI., x; where for every i there is some t,ER such that sp,(x;)C
sp.(xX)N[t, ¢ + el

(5) Given x €C with sp,(x) compact, tER and ¢ >0 we can write x =
X, +x,+x3 where x,€C for i=1,2,3, x| <2fix}, spx)C
(t —¢,t +¢&), x;EM*(— 0, ), and x, EM*(t, ).

Proof. The proof of (1) can be found in [15, Lemma 13.2].

(2) Suppose A =1 on W and t Esp,(x — a,(x)) N W. Then there is some
fELYR) with () # 0 and supp f C W. We have A = fand thus & * f = fand
afx — ay(x))=0. Hence t E{s: f(s) = 0} contradicting our choice of f.

(3) Using [12, Theorem 2.6.2] there is a function 2 € L'(R) such that h=1
on Fand supp A C W. Let x; be a;(x) and x; be x — x;. Then

sp.(x) Csupp A Nsp(x) C W and sp,(x;) CR\F

by (2).

(4) Suppose sp,(x)C (a,b), —ov<a<b<ow.Let W=(a—¢/2,a +¢/2)
and F = [a, a + ¢/3] and apply (3) to get x = x; + y where sp,(x,) C (a, a + &)
and sp,(y) C (@ + ¢/3, b). Apply (3) again, to y, and continue by induction.

(5) Using [12, Theorem 2.6.3] there is a A€ L'(R) such that | & || <2,
suppA C(t—¢,t+¢) and A=1 on some neighborhood of ¢, say
(t —4,t+9). Let x, =ay(x) and y = x — x,. Then sp(y) C(— o0, t -]V
[t + &, ). Apply (3) with W = (0, ) and F = [d, s] (where s is such that
sp.(x) C (— o, 5)) to get y = X, + x; as desired. [ |

LEmMa 29. f M1 —f)C M0, ).

ProoF. By Lemma 2.58), [f.M%(— ,0l(1—f,)={0}. Since
M0, ©) + M*(— o0, 0] is o-weakly dense in M [4, Theorem 3.15] it is left to
show that £, M[0, co)(1 — £,) € M°(0, ©).

Fix x € f,M*[0, o)1 — f,)and sets = 0, = 0 and 0 <& <3. Using Lemma
2.8(3) we can write x=Xx,+Xx, where x €M*0,t+s—3¢], x€
MAt+s—4 ), x,=fx(1—1,) and x,=f xo(1 —f.). (If t 45 =3¢,
X = X,.) Note that
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f; —f;—e =fqu(t —¢, t]

and

(1= f )8 — &-)=(1 = f)Q(1 —s,1 —s +e].
Hence, using Lemma 2.7(1),
$Po (S — Si-e)xalgs — 8:-2))
Cl—t,—t+el+lt+s—4 o)+ [1—5,1—s5s+&]C[} ).
Hence (f; — fi-)x:(g; — &-.)EM?(0, ).
Also using Corollary 2.4(2),
(fi = fi-xi(8s — 8- )E(1 = [ IJM*[0, 1 + 5 — 2e)(1 — g, ) C 4.
But f, € Z(A); hence (f, — f,-.)x\(g — & -.) = 0. Therefore
(fi = fi-e)X(8 — &-2) S M?(0, 0).
Since f, = 22 o(fie — fi-1)) and
1= fo= (1= f)8e = (1 = 1) Z72-0(8me — &im-1e);
x€M?’(0, o). [ ]
ProrosITION 2.10. M9[0, ) C M?[0, o).

PrOOF. Let x be an element of M*[0, co) for which sp,(x) is compact and
write x, = xf,,, x,=( — f)x(1 — f.) and x; = f,.x(1 — f.). We shall show
that x;, x; and x; lie in M?[0, ©v); as x = x; + X, + X;, this will complete the
proof.

The fact that x; lies in M?{0, o) foliows from Lemma 2.9.

Now assume that y is an element of M*[t, ¢ + ¢] for some t Z0 and ¢ >0
and y = yf,. Then, by Corollary 2.4(3), Q(t + ¢, ©)y = f,[1 — f+.)yEA and
by Proposition 2.6, Q(¢ + ¢, o)y EM* C M?[0, »). Using Lemma 2.7 and
the fact that y = yf,, = yQJ[0, ), we have

$P(Q(— o0, t + £]y) = sp,(Q( — 0, t + £]yQI0, 0))
Cl—t—e,0)+[t,t+e]+][0,0)C[—e¢, )

Hencey=Q(t+¢,0)y + Q(— o, t +e]yEM[—¢, o).
Fix ¢ > 0. Since sp,(x;) is compact we can write (Lemma 2.8(4)) x, = Z/_, y,
where, for every i, y, =y, /., and sp(¥;) C [t, t; + €] for some £, = 0. As we
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have just shown, y, EM°[ — ¢, ). Hence x, E M| — ¢, o0). But this holds for
every ¢ > 0; hence x, EM?[0, 0)..

For x,, consider first an element z of M{¢, t + ¢) (forsome ¢ = 0, ¢ > 0) such
that z=(— f,)z(I — f,). By Corollary 2.4(4), z(1 —g,.)EACM°C
M°[0, 0). We have

(I—-fJQ(1—t—¢,0)=(U—f)O0—1t—¢ 00)=~f)g+

and

(I = f)Q(— 0, 1] = = f M = 21, 0)) =1 — £,

Hence, using Lemma 2.7(1),

5P;(28; +.) = SP(Q( — 0, 1]2Q(1 — 1 — &, o0))
Cl—1,0)+[t,t+e]+[1—t—¢€,0]C[—¢, ©).

Therefore, for such z, zEM’[ — g, o). Now, fix ¢ > 0 and write x, = 2, z;
where z, EM“{t;, t; + &) (for some ¢, = 0) and z; = (1 — f,)z;(1 — f,.). We have
shown that each z; lies in M°[ — ¢, o0) and, thus, x, lies in M°[ — &, ). Since
£ > 0 is arbitrary, x,E M°{0, ). |

Lemma 2.11. (1) M°(0, o0) € M°[0, o).
(2) B C M°[0, o0).

Proor. (1) Let x be in M°(0, ) and h € L'(R) with supp £ C (— o, 0].
Then a,(x)EM°(0, 0) N M*( — oo, 0]. (Note that, for a subset S of R, M?(S)
is a-invariant since a,a, = a,0, for all s, t.) Hence by Proposition 2.10,

ay(x)*EM°(— 00, 0) N M0, 0) C M°(— o0, 0) N M°[0, o) = {0}.

Thus, a,(x) = 0 for every such h. It follows that sp.(x) C [0, ).

(2) Let xbe in Band 4 € L'(R) with supp A C ( — oo, 0). Note that, since B is
a-invariant and Z(M*) C B, B is also o-invariant. Hence o0,(x)EB. Also
sp,(0,(x)) Csupp £ C(—o0,0). Hence 0,(x)*EM’(0, ) and, using
part (1) and the fact that M°[0, o) C B, we have g,(x)*€EB. Therefore
0, (x)EB N B*=A4 C M°. But then sp,(c,(x)) C {0}. Since sp,(gx(x))C
(— 00, 0), sp,(04(x)) = & and ¢,(x) = 0. Since this holds for every 1 €L'(R)
with supp 4 C (— o0, 0), x EM?[0, o). n

Now write R for M° and, for a subset S C R, R%(S) will denote R N M*(S).
Clearly R is a-invariant (and so are the spectral subspaces R*(S)). We also
know that R contains A.
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LEMMA 2.12. (1) fR9[0, ) C M* C A and f,E Z(R).
Q) (I — £M0, 0) C A.

(3) I —fIRCA.

(@) (I — SOR0, o )I — qo) C A.

Proor. (1) Since f . M(I—f,))C M°(0, ) (Lemma 2.9), we have
fR(1—f)={0}. Hence f,EZ(R) and, therefore, fR*[0, )=
foR*[0, ) f,.. For x €R[0, o) we have (Lemma 2.7(2)),

sP.{fox) = sDu{foX fo) = sP(Q(0) £, x £, @[O0, 0))
C {0} + {0} + (— 0, 0] C (— o0, O].

Hence fox € M*(— o0, 0] N M?[0, ©) = M*.

(2) Wehave, fort >0,(I — f,)M"[0, t]1= (I — f I — f;)M°[0, t] C A(Cor-
ollary 2.4(3)). Hence (I — f,,))M*[0, o0) C A.

(3) From part (2) we have (I—f)R%0,0)CA. Hence
R*(— o0, 0)(I — £,) C A. But f, € Z(R); hence (I — f,)R*( — 0, 0] C 4. Now,
R is a von Neumann algebra and it is the o-weak closure of R°[0, o) +
R*(— 0, 0] ([4, Theorem 3.15]). Thus (/ — )R C 4.

(4) Fix x€R[0, ). For t Z0 and s> 2¢ >0 write x = x; + x, where
X, ER[0,s+t) and x,ER*s+t—e¢,0) (Lemma 2.8(3)). Then
(fiv. — f)xI — g,)E A (Corollary 2.4(2)) and

spd«ﬁ+z - j;)x2(1 - gs)) = Sp,(Q(t, t+ 6]faox2fqu[0’ w)(l - gs))
Cl—t—¢e,—t]+[s+1t—& 0)+{0,0)C[s— 2, ) C (0, o).

Since sp,((fi+. — f)xo! — &)) € {0}, (fi+. — f)xAI — &) = 0. Hence, when-
evert=0ands>2e>0,

(frve = SIxU — &)EA.
As fo— fo=220 k+1e Jee>
(fo — fOx{I —g,)EA  foreverys>0.

As inf{g,: 5 >0} = qo, (f, — fOx(I — @) EA.
From part (3), (I — f,)x €A. Therefore (I — f)x(I — g)EA. |

ProposITION 2.13. (1) (I — go)M°[0, o)(I — f;) C B.
(2) M°[0, ) fo € M0, 0) C B.

ProofF. (1) Let x =(I — q)x{I — f)EM°[0, o) N M*[ — ¢, t] for some
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t > 0. By Lemma 2.8(5) we can, for every ¢ > 0, write x = x;(&) + x,(¢) + x3(¢)
where
(1) xi(e) = — go)x:(eX] — )EM°[0, c0) fori =1, 2, 3,
(i) x| <2)lx | and x,()EM(— ¢, ¢),
(i) xy(&)E M0, ov) and x;(e) EM*( — o0, 0).
Then x,(e)EB. Also

Xy(e)EM*(— o0, 0) N M°[0, c0) € M?( — o0, 0] N M°[0, ) =R.

Hence x;(e)E(I — go)R( — o0, OXI — f;) € 4 (Lemma 2.12(4)).
By Corollary 2.4(5), we have x,(¢)(1 — f,)€B. Hence

x — x(e)(fe — fo) = x:(&) + x5(€) + xy(e)(1 — £)EB.

Since || x(e) || <2|x || for every £ >0 and f, — f,— 0 o-weakly as ¢ 0,
x (&) f, — fo)— 0 g-weakly and, therefore, x EB.

(2) Let x be in M°[0, ) f,. Then (I — f )xE€U — f )M°[0, 0)f, =0
(Lemma 2.9). Hence x = f, x f; and

SPa(X) = sPa( foX fo) = 8P.(QI0, 0)xQ(0))
€ [0, ) + [0, ) — {0} € [0, ).
Thus x € M[0, o). n
Now write & for the action of R on M defined by
&=a_, tER

Since B* 2 M*(— o0, 0] = M*[0, 0), everything that was done in this section
for B and « can be applied to B* and &. To do so note that, for t ER,

A*(t, 0) =A% — 0, — ).
Instead of £, and g, we shall now have
fi=1—sup{1p(y): yEAt, )} (=4),
G, =1—sup{rp(y): y€EAX(— 0, — 1)} (=1),
g =sup{g,:s <t} (=sup{f:s<t}).
As in the discussion preceding Proposition 2.6, we let
O(t, 0)=J =)+ U~ fi-: (=g —a)+ U ~8)81-)

and
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U= f e“dQ(s).
Then action & will now be defined by
g,(x) = 0,*(1_,()()0,.
Finally define the action § of R on M by
0’ = a'._ t .

COROLLARY 2.14. (1) M?[0, o) C M?[0, 0).

(2) M%(0, 0) C M{0, ).

(3) B C M0, ).

(4) ¢oM°[0, 0) C B.

ProoF. (1) Proposition 2.10, when applied to & and B* (in place of a and
B), implies M¥[0, o) C M?°[0, o). Hence

M0, w0) = (M*(— 0, 0]]* = (M*[0, c0))*
C (M?[0, c0))* = (M°( — o0, O])* = M°[0, 0).

(2) Follows similarly from Lemma 2.11(1). For (3) note that Lemma
2.11(2), applied to & and B*, implies that B* C M°[0, o) = M®(— 0, 0}.
Hence B C M*[0, o).

Part (4) follows similarly from Proposition 2.13(2) (noting that f, = g;). ®

LeEmMMA 2.15. Foralls,tER,
0,00, =0, 00,
Proor. ForxEMandt¢, sinR,
6,(0,(x)) = 0,(U* ,a,(x)U_,) = Ura(U* a(x)U_)U,
= UrU*,a,,,(x)U_U, = U* Uta,, (x)UU_, = 6,0 (0(x)). A

The next result (Proposition 2.16) might be known but I was unable to find a
reference for it.

ProrosITION 2.16. Let = {6,:t ER} and o = {o,: t ER} be two conti-
nuous actions of R on M that commute; i.e. 6,6, = 6,6, for all t, s in R. Define
B, =0,°0, Then

(1) B ={B.:t ER} is a continuous action of R on M.

(2) Foreverya,binR,
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M°[a, ) N M°[b, ) C M*[a + b, ).

ProOF. Since 6§ and o commute (1) is obvious. (2) Define an action
p={Pus:(t,s)ER?} of R* on M by p,, =00, Take xEM’[a, 0)N
M?®[b, «). Then there is a net {h;} of functions in L'(R) with supp k Cla, o)
such that o, (x)—x o-weakly. Since ¢ and 6 commute, M 8[b, 0) is o-
invariant. Thus 6, € M®[b, «o) for every i. Hence for every i there is a net {k;)
in L,(R) with supp k; C [b, ) such that

Oy (a (X)) 7 o (x)

a-weakly for for every i. It is, therefore, enough to assume that x = 6,0, (y) for
some yEM, k,hEL'R) with supp / C[a, ) and supp & C [b, ) and
prove that x EM*[a + b, ).

For such x,

x = [ [ koh66omds = | [ kOr©pemdids = p )
where g(¢, ) = k()h(t). (Clearly g € L'(R?).) For ( p, g) ER? we have
80,00~ [ [ stt,s)emerdsat = [ [ nsxkoreteesaasas = hiaricp).

Hence supp £ C [a, «0) X [b, ) and thus x = p,(¥)EM?([a, ) X [b, 0)).
Now let f'be in L'(R) with supp f C (— o0, a + b). For every L > 0 define

(¢t +5)2), |t—s|=<2L,
filt,s)=

0, otherwise.
Then f, €L'(R?). For (p, 9)ER?,
fu(p, @)= f f ePesf (1 — s)dtds.

Write w = ¥(f + s) and v = ¥t + 5) and get

L ©
fp. )= ';' f f eP™+Veit™ = f(w)dwdy
-LJ -

=%fL e_iv(q_p)[f‘” eiw(p+¢)f(w)dW] dv
—L —®
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L
=lf(p+q)f e~ M2y
2 -L

Hence supp /. € {(p,q): p +q <a+b}. In particular sp,(x) N supp f;. =
& . Hence p;,(x) = 0. But

0= = [ [ £ie, 980, 00duds

l L ©
- f f FWYBy 115 (X)d Wiy
—-LJ -

=% f _LL f _“; Bva_v( f _': f(w)ﬂw(x)dw) dv

1 L
- f 60 Bix)dy.

Hence, for every L >0

1 L

~ [ 6a (e =o0.

LJ-L
Taking the limit as L — 0 we have S{x) = 0. Since fwas arbitrary in L'(R) with
supp f C (— o0, a + b), sps(x) C [a + b, ). n

Let o be the action defined preceding Proposition 2.6 and 8 be the action
defined preceding Corollary 2.14. Let 8 be defined as in Proposition 2.16; i.e.
B, = d.0,. Then, by Proposition 2.16,

M?[b, ©) N M°[a, ) C MP[a + b, ).

But we also have 6, = f,6_, and g, = f,0_, and f commutes with both t+>0_,
and ¢+ 6_,. Hence we can apply Proposition 2.16 to get the following.

COROLLARY 2.17. (1) M#[a, ©) N M°(— o0, — b1 C M%[a + b, ).
(2) M?[a, ©) N M%(— 0, — b] C M°[a + b, ).

ProposiTION 2.18. MP?[0, o) = M°[0, o) N M°[0, o).

ProoF. We know that M°[0, o) N M*%[0, o) C M?[0, o) (Proposition
2.16). Let x be in M?[0, «0) and let 4 be in L'(R) with supp 4 C (— o, 0). Then

a,(x)EM?[0, 0) N M°( — o0, — b]
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for some b>0. But, using Corollary 2.17(1), o,(x) lies in M®[b, ) C
M?®(0, o). Using Corollary 2.14(2), g,(x) € M*[0, co). But we also have g,(x) €
M°(— w0, 0) C M*(— w0, 0]. Hence o,(x)EM*N M°(— o0, 0)={0}. Since
this holds for every # € L'(R) with supp A C (— o, 0), x EM°[0, o). Simi-
larly we can prove that M?[0, «0) is contained in M?[0, cc). |

We are now ready to prove the main result of this section.

THEOREM 2.19. Let a be a continuous action of R on M and let B be a o-
weakly closed subalgebra of M that contains M°[0, o) (= H*(a)). Then there is
a projection F € M* N Z(M) and a strongly continuous one parameter unitary
group {v,: t ERY} in Z(M*) such that

(i) BF = MF; and

(i) B(I — F) = M?[0, o)(I — F) where

y(x) = v¥*a,(x)v, tER, xEM.

ProoF. Let Fbe (I — £ )I —g,). Then F lies in M* N Z(M) and BF C
MF C AF C BF (Lemma 2.5(9)). This proves (i). Now we can assume F = 0.

Let o, 6 and B be as defined above. Then

(1) (I — go)MP[0, o) — fo) C( — go)M°[0, o)1 — f) © B  (Proposition
2.18 and Proposition 2.13(1));

(2) M*[0, ) f; C M°[0, 0) L, CB (Proposition 2.18 and Proposition
2.13(2));

(3) goM?*[0, ) C goM®[0, c0) C B (Proposition 2.18 and Corollary 2.14(4)).

Hence M*[0, ) C B. On the other hand, B C M“[0, c0) N M?[0, o0) =
M?[0, o) (Lemma 2.11(2), Corollary 2.14(3) and Proposition 2.18). Therefore

MP[0, ) = B.

We now write 7, = B,,. This clearly defines a continuous action of R on M
and M’[0, ) = M*[0, o) = B.
We also have, for tER and xEM,

7(x) = Bux) = 6,( 0, X)) = Ut"/'za‘fz alx )f] U
Write v, = U,,U,, to complete the proof. n

As a corollary we can derive the following result which was proved in [3]
using different techniques.

Recall first that a subalgebra C of a von Neumann algebra M is called a nest
subalgebra of M if there is a nest R of projections of M such that
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C={x€EM:(I —P)xP=0forall PER}.

In [4] the nest subalgebras of M were characterized as the analytic subalgebras
H~>(a) of M associated with an inner action « of R on M (i.e. for every t ER, a,
is an inner automorphism). The following corollary now follows immediately
from Theorem 2.19.

CoROLLARY 2.20 ([3])). If B is a a-weakly closed subalgebra of M that
contains a nest subalgebra C of M then B is a nest subalgebra of M.

3. The maximality of H*(«)

The main result of this section (Theorem 3.7) proves that (under the
assumption that Z(M) N M*=CI) H*(a) is a maximal o-weakly closed
subalgebra of M if and only if either sp(a) = I'(a) (i.e. Arveson’s spectrum of «
equals Connes spectrum) or there is a projection P €M such that H®(a) =
{xeM:(1—-P)xP =0)}.

As in Section 2, « is assumed to be a continuous action of R on a g-finite von
Neumann algebra M. If 0 # ¢ € M is a projection then « defines a continuous
action «¢ of R on eMe by

af=a,|eMe, teR.
Connes’ spectrum of « is defined to be
(@) = M{sp(a®) : e is a non-zero projection in Z(M*)}.

It is known that I'(«) is a closed subgroup of R ([15, Proposition 16.1]). Thus
either ['(a) = {0} or I'(e) = R or I'(a) = {nA: n €Z} for some 1 ER.

PROPOSITION 3.1. Assume Z(M) N M*=CI. Ifsp(a) = I'(a) then H*(a) is
a maximal o-weakly closed subalgebra of M.

ProoF. If sp(a) = I'(a) = {0} then H*(a) = M*= M and clearly H*(a) is
maximal. Suppose that there is some 4 > 0 such that sp(a) =I'(a) = AZ. Then
Proposition 16.4 of {15] implies that Z(M*) = Z(M) N M*. Hence M* is a
factor (since we assume Z(M) N M* = CI). If B is a a-weakly closed subalge-
bra of M containing H*(«) and { f,, g,} are the projection (in Z(M*)) asso-
ciated with B as in Definition 2.2 then { f;, g} € {0, /}. Hence {U,: tER} C
CI.

Therefore, if (I — f )/ —g,)=0, 06 =a and B = M?[0, x0) = H*(a). If
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d—f)I—-g,)#0then I —f)I—g,)=Iand M=BNB* iec. B=M
(Lemma 2.5(9)).

We now assume that sp(a) = I'(a) = R. Suppose ¢ = 0 is such that f, # 0 and
s > 0 is arbitrary. From Lemma 2.5(7) we have

M — 5,00 — fi4)(H) S — fi)(H).
Hence,

(*) (I = fi+IM?(0, s1f, = {O}.

Since Z(M)NM*=CI, [Mf(H)]=H. Assume that f_,, #I. Then
(I — fi+s)Mf, # {0}. Fix ¢ > 0. Then, there is some r ER and yEM*(r — ¢, r)
such that (1—f,,)y,#{0}. Write e for the projection onto
(I — fie)M(r — &, 1) fi(H)].

Since is — r €T(a) C sp(«®), we have, for every d >0,

eM(3s —r—4,4s —r +d)e # {0}.
Hence

0+#[eM(3s —r—0,4s —r+0)I — fi4 )M (r — e, r) fi(H)]
CleM*(3s —d — ¢, 3s + ) fi(H)]
C I — fiss)M(ds — 6 — &, §s + 3) f(H)].
Hence, for every € >0 and § > 0,
(I — fie )M(3s — 0 —¢&, 35 +0) fi # {0}.

By choosing ¢ and & small enough we get a contradiction to (). Therefore, if
f, #0, then f;,, = I for every s > 0. But f; = A{ fi,,:5 > 0}. Hence { f{} CCI.
Similarly, {¢,} CCI and, therefore, {g,} CCI. Hence {U,:t€R}CCI.
This shows that B=M (@Gf (I—f)YI—g,)=1I) or B=H>@) (f
(I — f ) —8.)=0). L

In order to prove the converse of this proposition we shall have to construct
g-weakly closed subalgebras of M that contain H*(«). We shall construct such
an algebra for every non-zero projection e € Z(M*).

Let e be a non-zero projection in Z(M*®). Write e, for the projection onto
[M<[0, t]e(H)] (e, = 0 if t < 0) and define f;to be A{e,: s > t}. Also define g, to
be I —V{f,:5=0}ift>0and g =0if t =0. Write f, for V{ f,:5 2 0} and
note that this is the projection onto [M*[0, co)e(H)].

LEMMA 3.2. For {f,, 8t ER} as defined above, we have the following:



Vol. 62, 1988 ANALYTIC OPERATOR ALGEBRAS 83

(1) For each t ER, f, and g, lie in Z(M*).

Q) Ift<sthenf, < f,and g, = g,.

B) M firt>s)=fand V{g,:t <s} =g, for every sER.

(4) For s=z0 and t€R, M [—s,0)( —fYH)CSUI — fi_H) and
M0, s)(I — g )XH) C (I — & )(H).

(5) M°[0, ) f,(H) C fo(H).

Proor. (1), (2), (3) and (5) are immediate. For (4) note that
Me[0, s][M*[0, wle(H)] C [M*[0, s + wle(H)].

Hence  M°[0,sle.(H)C e, (H) for every w>t—s. Hence
M0, s1f,_(H) C f,(H). It follows that

M0, s)(I — f)H) S (I — fi- )(H).
The statement about (g,) is immediate. |

Let { f;, & : t ER} as above and define
Q(t’ <X)) =fco(1 _f;) + (I _foo)gl—t, tER,

and
U, = fw e"dQ(s), tER.
This defines an action ¢ of R on M by
o(x) = U¥a,(x)U,, tER, xEM.
Note that for these action o and measure Q(-), Lemma 2.7 is still valid.

LeEmMA 3.3. Leteand { f;:t €ER} be as above.
(1) Foreverys=tand d >0

(fi = JXH) C [M°[t — 26, 5 + 5]e(H)].
(2) Foreverya <b <t <s,
(fs — fOM{a, bII — f-.) = {0}.
(3) Forevery b2 0
(fo — So)M[0, BYI — £,) = {0}.

Proor. (1) Fix s=t and ¢ > 0. If s <O there is nothing to prove (as
fi=f=0).1fs=0>¢then
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(fe = SYH) = f((H) C e 5(H)
= [M-[0, s + d]e(H)]
C [M°[t — 26, s + 8le(H)].

Hence we now assume that ¢t = 0. For every integer n = 0 we write F(n, J) for
the projection onto [M*[nd, (n + 2)d]e(H)). Then F(n, d) lies in Z(M*=). If x
lies in M*[0, kd) for some integer k = 0 then we can write

k-2
x= Y x;  wheresp,(x;) C[id, (i +2)d].

i=0

Hence [M°[0, kdle(H)] = V{F(n,d0)}H):0=n =k —2}. We now have, for
everym=k =0,

em+ip — Cs=V{F(n,0):0=n=m—1}-V{F(n,0):0=n=k-2}
=V{F(n,d0):k—1=n=m-—1}.

Therefore (e, 1115 — ews)(H) C [M°[(k — 1)d, (m + 1)d]e(H)].

Since s = ¢ = 0 there are non-negative integers k and m such that m = k,
ké <t <(k+ 1)6and mé =s <(m + 1)0. Then, f; = €+ 1) and f, Z e, and,
thus,

(fs — fXH) € [M[(k — 1)3, (m + 1)d]e(H)] C [M"[t — 20, s + d]e(H)].
(2) Fixa =b <t =s. For every 0 <d < ¥t — b) we have
Si—a+s(H) 2 &4 5(H) = [M*[0, 5 — a + d]e(H))]
2 [M[—b,—alM[t — 23,5 + dle(H)]
(as t — b — 26 > 0). Using part (1) we now have
So—ars(H) 2 [M*[ = b, — a](f; = S)H)].

Hence (I — f_,.s)M°[—b,—al(f, — f,)=0. This implies (2) by taking
adjoints and using the fact that

V{I = f,_415:0>0)=I—ANI—f_,45:0>0}=1—f_,.
(3) For b= 0setin (2) a =0, to get

(fs = SOM°[0, b1U — f) = {0}
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As s— oo we get (f, — fIM[0,b)I — f,) = {0} whenever ¢>b. Since
A(f;:t > b} = f, we have (f, — fL)M°[0, b]( — £.) = {0}. |

LEMMA 3.4. Let {f,:tER}, eand o be as above.
(1) Foreveryt =0, (I — f)M*[0, t}] C M°.
(2) foM10, o) — £,) € M°[0, c0).

Proor. (1)Fors>t=bze>0,
(fire = LIM[b — &, b]
=(fose — )M?[b —¢&,b)I — f,—;) (Lemma 3.2(4))
= (fo+e = SIM[b — &, b)(fi-p+2. — fi—») (Lemma 3.3(2)).
Hence, if x lies in (f,,, — f,)M*[b — €, b], then (Lemma 2.7)

SPo(X) = sp,(Q(s, s + €]xQ(s — b, s — b + 2¢])
Cl—s—¢e,—s]+[b—¢&bl+[s—b,s—b+ 2]
C{—2e, 2]

We have (f;,, — f)M°[b — ¢, b)) C M°[ — 2¢, 2¢].
Since U{M*[b —¢, b]:t = b = ¢} is o-weakly dense in M*[0, t], we have

(fove — LOM[O, t]1 C M°[ — 2¢, 2¢] foreverys >t =¢>0.
Since A{f,:s>t}=fiwehave V{f,,, — fi:s>t}=f,— f.. Hence
(f, — LOM[0, t] C M°[ — 2¢, 2¢] forall ¢ > 0.

Hence (f,, — f,))M"[0, t] € M’ for t > 0. For t = 0 the assertion is trivial.
(2) For xeM*[0, ) we have

sP,(fox(I — 1)) = spo(Q(0) fox(I — f)2(1)) € {0} + [0, o) + {1}
C [0, ).

Hence f,M“[0, o)(I — f,) € M?[0, o).
For 1 = 0 and 4> ¢ > 0 we have (Lemma 3.3(3))

(feve = SIM?(O0, )T — fo) = (fr+e — JIM[t — &, o) — [).

(We use the fact that M°[0, o) = M°[0, ] + M*[t — ¢, x0); see Lemma 2.8.)
Hence, for x €(f,+. — £)M?[0, o) — f..),
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spy(x) = sp,(Q(t, t + €] £, xQ(1))
Cl—t—e,—~t]+[t—e )+ {1}

c [1 — 2¢, CD)

C [0, w0).
If follows that ( £, ,, — f)M?[0, oo)I — f,,) € M?[0, o) for all ¢ Z 0 and ¢ > 0.
Since f, — fo=V{fi+. — fi: t Z 0} for every ¢ > 0, we are done. |

LEMMA 3.5. Fore, {f,:tER)} and g as above, M*[0, c0) C M°[0, c0).

ProoF. The proof that M°[0, o) f,, € M°[0, o) proceeds almost precisely
as in Proposition 2.10, using Lemma 3.4(1) instead of Corollary 2.4(3) and
Proposition 2.6.

The fact that £, M*[0, «o)(I — f,) € M°[0, «0) was proved in Lemma 3.4(2).
It is left to prove

I — £, )M0, o) — £,) € M°[0, ).

But I — f, = Q(I)XI — f,). Hence, for x € M*{0, o0),
spo (I — fx(U — ) = sp,(Q(U — f)x(I = f)Q(1)
C{—1}+]0, )+ {1}
C [0, ).
This completes the proof. [ |

We have thus shown that, given a non-zero projection e in Z(M*), we can
construct an action ¢ (of R on M) and the algebra M?[0, c0) contains H*(«).
We also know that for every t = 0, (1 — f)M*[0, t] is contained in M’ where f,
is the projection onto MN{[M*[0, sle(H)]: s > t}. We shall write B(e) for the
algebra M°[0, o).

LEMMA 3.6. For every non-zero projection e € Z(M*®) let B(e) be the al-
gebra defined above and suppose that for every such e, B(e) = H*(a). Ife is a
projection in Z(M®) satisfying M*(a, b)e # 0 (where a <b) and ¢ >0, then
eM“(a —¢,b+¢e)e#0.

ProoF. For every non-zero projection e € Z(M*) we have constructed
{f,:t€ER} and they satisfy (I — f)M°[0,¢]C M”. But, by assumption,
M°[0, ©)=H*(a) and, therefore, M°=M" We have, then,
I — fIM*(O0, t] = {0}. Write
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¢, = sup{rp(y) : y EM=(0, t]}.

Then ¢, EZ(M*) and ¢, = f, for every ¢t > 0 (and every e # 0). Hence, for every
non-zero projection e € Z(M®), every s > t > 0, and every non-zero projection
p=c, we have pM°[0,s]e+ {0} (since f is the projection onto
N {[M0, s]le(H)] : s > t}).

Therefore eM*[ — s, 0] p # {0} for all such p and s and all non-zero projec-
tions e in Z(M*%). But this implies that for every s >¢t>0and 0# p <¢,
[M[—s,0]1p(H)]=H.

Now fix a non-zero projection e in Z(M*) and an open interval J = (a, b) in
R satisfying M*(a, b)e # {0} and set ¢ > 0. Write e(J) for the projection onto
[M(Ne(H)}. Since e(J) # 0 (in Z(M*)) we have, forall e >¢>0.

cM[0, e]le(J) # 0.
Let r(J) be the projection onto [cM*[0, e]le(J)(H)]. Then 0 # r(J) = ¢,. Hence
M —¢,0lr(D]) =1
and, consequently,
eMe[ — ¢, 0))c,M*[0, e]M*(a, b)e # 0.
Therefore eM*(a —¢&,b + €e)e 0. | |
We now turn to the main result of this section.

THEOREM 3.7. Suppose Z(M) N M*=CI. Then H*(a) is a maximal o-
weakly closed subalgebra of M if and only if either

(1) sp(e) = I(e);
or

(ii) there is a projection F € M such that

H*(&)={xEM: (I — F)xF =0}.

ProOOF. We already know that (i) is a sufficient condition for maximality. If
(i1) holds, then every o-weakly closed subalgebra of M that contains H*(a) is a
nest subalgebra associated with a nest n C {0, F, I'} (see [3]). Hence H*(a) is
maximal.

Now assume that H*(a) is maximal. For every non-zero projection e €
Z(M*) we can construct projections { f;, g : ¢ E€R} and an action ¢ as in the
discussion following Proposition 3.1. We write B(e) for the algebra M°{0, «0).
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Since B(e) 2 H*(a) (Lemma 3.5) and H*(«) is maximal, either B(e) = H*(a)
or Ble)=M.

Suppose that for some non-zero projection e in Z(M®), B(e) = M. Then
M? = B(e) N B(e)* = M (for the action & associated with e). Thus g, = id for
all 1 €R. Since 0,(x) = U*a,(x)U,, t ER, x EM, we see that «, is inner for
every t €R. That implies [4] that H*(«) is a nest subalgebra; i.e.

H*(a)={x€M:(I — N)xN =0 for every N ER}

for some nest R of projections in M. If R = {0, I'} we are done (take F =0 in
(ii)). Otherwise there is a projection F €N with F # 0, F # I. Then H*(a) C
{x EM (I — F)xF = 0}. The algebra on the left is different from M since M is
a factor (this follows from the condition Z(M) N M* = CI, when « is inner).
Therefore

H*(a)={x€EM:(I -~ F)xF =0}

and we are done.

Suppose now that there is no projection e # 0 in Z(M*) such that B(e) = M;
i.e. B(e) = H*(a) for every non-zero projection e € Z(M*). We shall show that
I'(e) = sp(a).

Fix ¢t in sp(a) and é > 0. Define

N = sup{e EZ(M*): e is a projection and M*(t —J,t + d)e =0}.

Then N is a projection in Z(M*) and M*(t —J,t + )N =0. Now fix a
non-zero projection e in Z(M*). Since tEsp(a), N #I. For every in-
teger n define F, to be the projection onto [M*[nd, (n + 2)d]e(H)]. Since
ZM)NM*=ClI, [Me(H)]=H. Hence V{F,:n€Z} =1 (as the subspace
spanned by U{M*[nd, (n + 2)]: n €Z} is g-weakly dense in M). There is,
therefore, some n €Z with F, £N; i.e. M*(t — &,t + &)F, # 0. Now apply
Lemma 3.6 to conclude that F,M*(t — d,t + 8)F, # {0}. Hence, for some {
and nin H and x in M*(t —d,t + 9),

(xF,{,F,n)#0.

But we can assume tht F,n = yen’ for some y € M*[nd, (n + 2)é]and ' E€H.
Hence (ey*xF,(, n’) # 0. This implies that

eM*[—(n + 2)d, — néIM*(t — d,t + d)F,(H) # {0}.
Hence,
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eM(t — 36,1 + 35)e
2 eM [ — (n +2)8, — n6IM*(t — 8, t + 6)M*(nd, (n + 2)8)e # {0).

Thus, for every § > 0, eM“(t — 3d, t + 3d)e # 0; hence t Esp(«®). Since this
holds for every non-zero projection e in Z(M*), t EI(a). a
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